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Bipartite Cardinality Matching Problem (BCMP)

Given an undirected connected graph G, the bipartite cardinality matching problem (BCMP) is to find the maximum number of one-to-one matching between the two bipartite sets.

Input : 
An undirected connected graph G(N, E)

Problem:  
First check whether the given graph is bipartite.  
If it is, find the set of edges S from E with the largest cardinality such that each node in N is incident to at most one edge in S.   If the graph is not bipartite, determine a circuit C with odd number of edges (note: a graph is bipartite if and only if every cycle in G contains an even number of arcs
).
Formulation: 
Problem of maximum matching is formulated as follow (xij is 1 if edge (i,j) is in S , 0 otherwise):
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Solver Animation Sets:

Green node: 
A node has not been evaluated (no assignment to any set)

Red node: 
A node is temporarily assigned to Set R

Blue node: 
A node is temporarily assigned to Set B
Gray node: 
System generated node, either a super-sink or super-source node

Green edge: 
An edge has not been evaluated (no set assignment)

Gray edge: 
An edge is evaluated and it currently conforms with the bipartite graph defined by the algorithm
Black edge:
An edge is set S, which is part of the matching solution

Orange edge: 
An edge in set C, which consitutes the odd-number circuit 
Label Information:

Node label: 
As assigned by the user for identificaion
Edge label: 
Edge capacity while implementing the maximum flow algorithm (none = infinite capacity)
Feasible Result Information: 
The edge set S of which returns the largest cardinality such that each node in N is incident to at most one edge.
Infeasible Result Information: 
An odd-number circuit C of which indicates the graph is not bipartite.
Pseudocode Code for BCMP

Part 1:

Two Coloring Function
Goal:
      Check whether G(N,E) is bipartite 

Define two colors:  red and blue, where blue and red are complement of each other. Define two node sets R and B  corresponding to red and blue colored nodes respectively.  Define predecessor(j) as the node preceding to node j.
Initialization: 

a. Set predecessor(j) = -1 for all j in N.  
b. Set R = B = empty.
Start from any node j, set next = j and set color(next) = red and add next to R  
For every edge (i,next) and (next,i) in E:

{

If predecessor(i) = -1, then set color(i) = complement of color(next), set predecessor(i) = next, and add node i to R or B depending on its color
Else if color(i) = color(next), then G is not bipartite, bactrack predeccessor list to find the circuit and STOP

}
      Call Matching Function

Part II.
Matching Function
Goal: 
      Find  S with maximum cardinality

Define a supder-source node r and super-sink node s.
Arrange the nodes from each set into two separate columns where Set R is on the left parallel with Set B on the right.

Connect r to every node in R with arc capacity as 1, and connect s to every node in B with arc capacity as 1.  Set capacities for edges in E to be infinity.  Call new graph G’(N’,E’)
Call maximum flow function for graph G’.  Return all edges with flow > 0.  remove edges incident to r or s.  The set of remaining edges is S
Rearrange the nodes and edges to its original layout.  Return S as the matching solution.






� Property 2.3, P. 31, Network Flows, Ahuja, Magnanti & Orlin, 1993
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